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Triadic Hopf-static structures in two-dimensional optical pattern formation

Yu. A. Logvin, B. A. Samson, A. A. Afanas’ev, A. M. Samson, and N. A. Loiko
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We describe a type of dissipative structure, namely, triadic Hopf-static patterns, which are in fact drifting
spots in a rhombic or rhomboidal arrangement. They are generated by a resonant interaction between simul-
taneously unstable Hopf and static modes. We analyze triadic Hopf-static patterns in a nonlinear optical system
consisting of a thin layer of two-level material and a feedback mirror with explicit inclusion of delay effects.
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Spontaneous pattern formation in systems driven out ofvherek is the light wave number, is the Laplacian over
equilibrium becomes especially intricate when Hopf andtransverse coordinates ={x,y}, andr is the time delay in
static instabilities develop simultaneously. Such situationshe feedback loop. It is supposed that the mirror reflectivity
have been studied both theoretically and experimentally iris equal to unity and the distandecontains an integer num-
chemical systemgl—3] as well as in hydrodynamidgt—6]. ber of half wavelengths.

It was shown that a simultaneous excitation of Hopf and As the nonlinear medium we assume a film of two-level
static modes can give rise to a coexistence of traveling andenters with a thickness much less than the wavelength of
steady rolls(stripeg [5,2]. Another result was that spatially incident light, which allows us to neglect light diffraction
subharmonic oscillations generated by resonance interacticand delay inside the layer. The light-matter interaction is
between the Hopf and static modes in one-dimensi@tia) described in this case by the Bloch equations for normalized
systems might be accompanied by a spatiotemporal chagslarizationr and population differencer:

[6,7].

In comparison with the 1D case, 2D geometry implies a r=(=1+io)r+iew, ()
richer variety of structures and a larger number of possible )
resonant combinations in the mode interaction. For example, wi=—y(w+1)+i(e*r—r*e)/2, (€

in the case of an absence of the static instability, an interac- ) ) . !
tion of Hopf modes results in a whole family of patterns whereé is the frequency detuning between the incident field

including traveling and standing rolls, squares and rhombia@nd two-level transitiony=T,/T, is the ratio between the
as demonstrated in a general treatn{@jt transversal and longitudinal relaxation times, and the expres-

In this Rapid Communication, on a basis of concrete Op_sion for the fielde driving the centers in the film is given by

tical pattern-forming scheme, we report on stable 2D pat- _ .
terns, namely, drifting rhombic and rhomboidal structures e(r, )=eo+e(r, ,H)=i2Cr(r,.1). )

produced by resonant interaction of the Hopf and statiGt js seen that the total field in the film consists of two fields

modes. Finding parallels with the resonant-triad nonlineafy minating the layer from both sides, as well as of the su-
interaction in hydrodynamical boundary-layer transiti®f o3 iance field proportional to the polarizatiomith the

we call the structures triadic Hopf-static patterns. The eMmerz  staniC known as the bistability parametEt7]. In addi-

gence of .SUCh a l.('nd of pattern is natural_for optics bfeqaus%n, the transmitted and external incident fields are related
of diffraction of light during its propagation with a finite

velocity. Delay effects give rise to Hopf instabilities in lasers
[10], passive ring cavitiell], and half cavitied12]; dif- elr, ,H)=ey—i2Cr(r, ,t). (5)
fractional coupling is responsible for the formation of static

patterns in many optical schemes, where delay effects are

negligible[13]. (a)

2 b

Here we consider a single feedback mirror scheme, which le,] (®)
in different modifications became very popular in studies of : 0y
optical pattern formatioh12,14—18 because of its relative o e ! 00 b
simplicity. As shown in Fig. (a), a plane-wave light field Y e
with amplitude e, is incident on a thin layer of nonlinear 0 e dp 2 10
material. After transmission through the layer, light is fed ' E
back by a mirror that is set parallel to the layer in distance thin film mirror 00 10 20 30
d. Coupling between the transmitted figimplitudee;) and legP
the reflected fieldamplitudee;) is given by the diffractional
paraxial operatoF, FIG. 1. (a) Single feedback mirror optical scheme. See the text.

. ) (b) Steady-state characteristic determined by gatC=3.5 and
e (r, ,t)=Fe(r, t—n=e "@0Ag(r t—7), (1) &=-2. The interval of instability is marked by the solid line.
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In the limit of very long delay, when relaxation times are
much shorter than the delay time the time derivatives in
Egs.(2) and(3) can be omitted and the system is reduced to
a nonlinear mapping, which takes the form

2C(14i6)(zy+Fz, 1)
2=eot ( - (Zq o 12, (6)
(1+ 6% +|z,+Fzp_4)

where the transmitted fielgz,(r,)=e,(r, ,t=n7)] is cho-
sen as a dynamical variable. Below we study both the
continuous-time model and the mapping with a comparison
of the results.

The homogeneous steady state is found through solution
of a cubic equation for the field intensity inside the field
legl?:
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Depending on the parametdEsand 6, the system can dem-
onstrate optical bistability17]. Here we choose parameters
to work in the regime of nascent bistabilitFig. 1(b)].
Analyzing the stability of the steady state with respect to
perturbations proportional to exg(ik,r,), we find the
neutral stability curves determined by the quasipolynomial
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FIG. 2. Neutral stability curves fa€ =3.5, §=—2, and7=5 (a),

D(M\). An expression foD(\) is cumbersome and is pre- 10 (b), and 15(c) and for nonlinear mappingd). Solid (dashegl
sented elsewhefd 9]. We note only that due to diffractional curves correspond stat{tiopf) instabilities.

coupling (1), D(\) depends on sih and co®, where

Q%de/k- This periodicity onf causes the occurrence of an transition is a rather conventional phenomenon in the sys-
infinite number of instability zones distinguished by _thetems demonstrating a change in sign of the quadratic cou-
wave numbers of the structure to be developed. In Fig. 2ling responsible for hexagon formati¢20,21,14,18

only the 27 interval is presented. We found two kinds of
zones corresponding to HogfQ=Im(\)#0] and static

(i) At relatively long delay ¢>12), we observed a de-
velopment of Hopf modes and their competition with the

(2=0) instabilities. Figure @) shows that at a short-time static ones. We used the filtering kn space to “cut off”
delay the static instability dominates. With increasing delaythe static balloon af>  and to make the situation clear for
[Figs. 2b) and Zc)] the Hopf zones grow and tend to the purely Hopf bifurcation. In this case, using different initial

size of the static zones, which are invariable at any delay.
Due to the transcendental structure, the quasipolynomial
D(MN) has several roots, the number of which grows with
increasingr. A consequence of this can be seen in Fig),3
where the secondary Hopf zones are dipped into the primary
ones.

Studying the stability of complex mappin@) yields a
guadratic equation for the multiplicatdr. The condition of
stability is now|A|<1. Two domains in Fig. @) are in
agreement with the instability zones found in the continuous-
time treatment in the limit— <. In the domain bounded by
dashed lineA <— 1 (Hopf type of instability, while another
zone withA>1 corresponds to static instability.

Resuming the linear stability analysis, we note that at long
delay, the development and resonance competition of several
modes that are unstable due to both Hopf and static mecha-
nisms should be anticipated, which is investigated below by
means of the numerical simulatiofdetails of the numerical
scheme may be found in R¢fl7]). The results of the simu-
lations can be classified as follows.

(i) At short delay that corresponds to FigaR the static
instability dominates and with increasing incident light inten-

FIG. 3. Snapshots of drifting triadic Hopf-static pattern obtained

sity we observed the emergence of static patterns in the forflom the continuous-time model at three successive moments of
of positive (HO) hexagons with their successive transforma-time for the parameters of Fig(& and|eo|?=17.8.(d) illustrates
tion to rolls and further to negativitd w) hexagons. Such a the instantaneous 2D Fourier spectrum.
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conditions, we obtained structures permitted by the symme-
try rules for the Hopf bifurcation on a plari@]: traveling
and alternating rolls.

(i) We studied the interaction between the Hopf and
static modes, with the result described below.

Starting the simulation of the continuous-time model near
the lower threshold of the instability interval of Figid, we
observed the emergence of a moving pattern with a rhombic
symmetry. In Figs. @ —(c) the snapshots of the light inten-
sity inside the film at three successive moments of time are
shown. The instantaneous 2D spatial Fourier spectrum in
Fig. 3(d) witnesses that two pairs k,; and =k, as a result
of composition, give a third pait-ks=*+k;*+k,. A com-
parison of the vector moduli with the results of the linear
stability analysis in Fig. 2 shows thatk, and =k, belong
to the Hopf instability band, whereask corresponds to the
static structure. Therefore, we call the observed structures
triadic Hopf-static(THS) patterns. One can see from Figs.
3(a)—(c) that the structure performs a drifting motion in the
direction indicated by the bold arrow in Fig(d}. Pattern

. . . - . FIG. 4. Positive THS patternga), top and bottorh obtained
dynamics becomes more obvious if we express the light in; ; o :
from the mappindg6) at two successive iterations for the parameters

tensity in the film as C=3.5,6=—2, and|ey|?>=17.8, stripes dtey|>=18.0(b), negative
1 1 THS patterns atey|>=18.05(c), and 2D spatial wave vectors for
I =1 piast ES(.jksﬂ+§Hleik1-u+im the THS patterr(d).
1 7<0<2 intervals, respectively, while thel, mode lies
+-Hyelke im0 e e (8) within 27<6<3#. Now, the Hopf modes have different

2 wave numbergthe corresponding, diagram is shown in
whereS andH, , are complex amplitudes of the static and Fig. &d)]_. .W'th increasingl o we obser\{ed the trans.mon
Hopf components, respectively. Supposing for the momenfl.mm p05|t_|ve THS.struc_tureﬁFlg. Sa] W.'th the pu'lsat.|on
the amplitudes to be real ard;=H,=H, we can reduce period being two iterations to_ the stationary strif€sg.
Eq. (8) to 5(b)] produced by thé& mode. Flgurg k) presents the_ nega-
tive THS patterns near the opposite edge of the instability
| =1 piast ScOgKg- T, ) interval. Note that similar THS patterns of rhomboidal sym-
‘K . megylwere also found in simulations of the continuous-time
1 2 1~ K2 moael.
+2HCO{ 2 ‘rL)CO{ 2 -rL—Qt), © The whole scenario is quite remniscent of the transition
from positive to negative hexagons, described in our item
where the last term indicates motion of the pattern with aand in Refs[21,20,18. Similarly to the static hexagons, here
velocity v=20/|k;—k,|. Obviously, the direction of the
motion is determined by the initial conditions. Note that in
the process of motion the structure reproduced itself with a
period 27/€), which tends to 2 for long 7. With increased
incident light intensityl ;= |eo|?, we observed a transition to
the stripes moving in a direction set by the one of the Hopf
modes. Near the opposite edge of the instability interval the
THS patterns were found again. The only difference from
those presented in Fig. 3 was the inverse contrast.

Simulations with the mapping confirmed results of the
continuous-time treatment. With increadgdve observed an
emergence of positive THS structures with pulsation period
being two iterations. The top and bottom pictures in Fig) 4
show the corresponding established structures at two succes-
sive iterations. With a further increase lgf we saw a tran-
sition to the pulsating stripgs=ig. 4(b)]; the negative THS
structures were founfkee Fig. 4c)] near the upper thresh-
old.

Starting the simulations of the mapping with another set
of initial conditions, we got the THS structures of rhomboid  F|G. 5. Pattern sequence obtained from the mapping at the same
symmetry(Fig. 5. Here theH; andS modes belong to the parameters as in Fig. 4 with the only difference being the initial
instability balloons shown in Fig. 2 within ©6<7 and conditions.
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the sum of  the phases of  the triad d

arg(S) +arg(H,) +arg(H,) is a main characteristic. For the giH1z= (= A+IQ)H ot (o +io")H3,S
structures near the lower and the upper edges of the instabil-

ity interval in Fig. b), this sum is equal to 0 and, respec- —[|H1d?+2%(|9%+|H24?)IH12,  (10)

tively. Therefore, we refer to the scenario described as a
transition from positive to negative THS patterns throughwhereA=Q? is the gap between thresholds for the static and
stripes. Hopf modesg=1 at the lower threshold, ang= —1 at the

An explanation of the scenarios described above may bapper one. The imaginary coefficient¥’,o’ <) may be
given in terms of amplitudes equations that can be derived igkipped because they only renormalize the Hopf frequency
the vicinity of the lower (uppe) static mode excitation value. It is easy to see that in a mapping limitso, or
threshold. The threshold, for the Hopf mode, must be clos€)— 0, the Ginzburg-Landau equatiofi0) become identi-
to the static one in the case of a sufficient delay. Then, incal to the amplitude equations for static hexagdag].
troducing the delay operat@ = exy —7(d/df)] and suppos- Analogous to the case of hexagons, positive THS patterns
ing 7ce 1, wheree is, in fact, the distance from the thresh- occur atc=1 and negative ones at=—1.
old, which sets the scale for the standard multiple-scale In conclusion, we described a class of 2D dissipative
expansion, the equations for three THS amplitudes are olstructures that arise as a result of development and resonant
tained. In a normalized form for the case ® 0 they read interaction of two Hopf and single static modes. Although
(cf. [7]) the THS patterns are shown to emerge in the nonlinear opti-

cal system with delay, they should be inherent in other 2D

d attern-forming systems permitting a resonance interaction
—S=S+aHH,—[|S)2+2y(|H|2+|H,)]S, b g sy P 9

dt of the Hopf and static modes.
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